We investigate subgroups of a Chevalley group G = G(Φ, A) over a ring A, containing its elementary subgroup E = E(Φ, F ) over a subring F ⊆ A. Assume that the root system Φ is simply laced and A = F [t] is a polynomial ring. We show that if G is of adjoint type, then there exists an element g ∈ E(Φ, A) such that g, E(Φ, F ) = g * E(Φ, F ), where X denotes the subgroup, generated by a set X, and * stands for the free product. It follows that under the above assumptions the lattice L = L(E, G) is not standard. Moreover, combining the above result with theorems of Nuzhin and the author one obtains a necessary and sufficient condition for L to be standard provided that A and F are fields of characteristic not 2 and Φ = G 2 .
Definition. The lattice L is called standard if it breaks into disjoint union of intervals L R = L(E(Φ, R), N(R)) over all subrings R of A.
For example, for an algebraic field extension A/F the lattice L is known to be standard by the result of Nuzhin [8] .
Assume that the root system Φ is simply laced, i.e. Φ = A l , D l , E 6 , E 7 , or E 8 (in other words, all roots in Φ have the same length). Let A = F [t] be the polynomial ring over a field F . We prove that in this case the lattice L is not standard, and this is a first published example of this kind for Φ = A l . With this end we construct a free product subgroup in L. Denote by G the quotient of G(Φ, A) by its center (so that G is a subgroup of G ad (Φ, A)) and let E be the image of E(Φ, F ) in G. where X denotes the subgroup, generated by a set X , and * stands for the free product.
Combining the above result with theorems of Nuzhin [8] and the author [13] one obtains a necessary and sufficient condition for L to be standard provided A and F are fields of characteristic not 2 and Φ = G 2 .
Corollary. Suppose that F is a field, char F = 2, A is an F -algebra, and Φ = G 2 . The lattice L is not standard if and only if Φ is simply laced and A is not algebraic over F .
In characteristic 2 the notion of standardness is more complicated, therefore the result for Φ = B l , C l , F 4 is not written yet. This is the work in progress. The case Φ = G 2 is not clear at all. Now we need some notation.
Notation. Let G be a group. For two elements x, y ∈ G we write [x, y] To display relations between Theorem A and the above corollary we recall some group theoretic notions from [2] . Note that standardness of the lattice L is equivalent to the following statement: For any H ∈ L we have E(Φ, F ) 
where F is a field, the horizontal arrows are injective, and the vertical ones are surjective. Otherwise the extension is called quasi-algebraic. Using the above observations we get the following result.
Corollary. If a ring extension R ⊆ A is quasi-transcendental and Φ is a simply laced root system, then E(Φ, R) is not polynormal in G(Φ, A).
If F is a finitely generated algebra over a field or over Z and A is a domain, then the condition of being quasi-algebraic has especially elegant reformulation (see [12, Theorem B] ), and therefore, we can rewrite the above corollary as follows. There is some evidence that the converse to the theorem above holds. Namely, the standard description of the lattice of subgroups between E(Φ, F ) and G(Φ, A) is established by R.A. Schmidt in [10] for the case where Φ = A l and A is the field of fractions of a Dedekind domain. Using the technique developed in [17] and the notion of ideal stable rank of a module in spirit of [11] we hope to extend the result by Schmidt to all Chevalley groups of rank 3 (at present the standard description for all Chevalley groups over the field of fractions is known by Nuzhin and Yakushevich [9] only for the case where F is a Euclidean domain). The most complicated part is to extend the result by Nuzhin [8] to integral ring extensions. Once this done, one can try to combine the two above results to prove the converse to Theorem B.
The situation with Chevalley groups corresponding to not simply laced root systems is quite dif- 
One says that an identity S with constants holds in G if for any elements 
In contrary, when Φ is not simply laced a certain identity with constants holds in G. To formulate the identity we need the concept of small elements from [15] and [5] . Let K be an algebraically closed field. Let g ∈ G(Φ, K ) be a semisimple element. Then it belongs to a torus T and the roots, being characters of torus, map T to K . A noncentral semisimple element is called small if it goes to the identity under all long roots. It is known that such elements exist if Φ is not simply laced providedTheorem D (Golubchik, Mikhalev, Gordeev, Nesterov, Stepanov) . Let h = 1 be a small element. Let u = 1 be a long root unipotent element. Then the following identity with constants holds:
Theorem C provides another motivation for investigation of free product subgroups in G(Φ, F [t]).
Let A be the affine algebra of G(Φ, F ) and let g denote the "generic element" of G(Φ, A). Then the theorem shows in particular (with F ) ) and the cyclic subgroup g is their free product. From this point of view Theorem A is a strengthening of this corollary.
Opposite transvections
In this section we develop some tools for the proof of Theorem A.
Notation. Let Φ be a root system and let R be a ring. For a root α ∈ Φ and an element ξ ∈ R we denote by x α (ξ ) the corresponding elementary root unipotent element and by X α (R) = {x α (ξ ) | ξ ∈ R} the root subgroup. For a given order on Φ B(R) denotes the standard Borel subgroup of G(Φ, R). Of course, B and X α are affine group schemes. However, we shall write B and X α instead of B(R) and X α (R) when this cannot lead to confusion and R is uniquely specified by context. b also will be called opposite.
In the sequel we use the following reformulation of the latter condition. 
2).
Clearly condition (3) is stable under conjugation. Therefore, we may assume that x ∈ X α and y ∈ X β for some long root β ∈ Φ. If β = −α, then X α and X β generates the subgroup isomorphic to S L 2 (K ) or PGL 2 (K ). Moreover (F (t)) be a representation of G(Φ, F (t) ) and g ∈ G (Φ, F (t) ). Then we define the degree deg(g) of an element g ∈ G(Φ, F (t)) (with respect to ρ) to be the maximal degree of the entries of the matrix ρ(g).
The following lemma is a key step in the proof of the main theorem. F ) and their intersection equals to the center of G(Φ, F ). Since G(Φ, F ) is a Noetherian variety, this chain terminates in some C (g n ) = Center(G (Φ, F ) ).
Suppose that we have obtained g 0 , . . . , g k satisfying the above conditions, except that C (g k ) = Center(G (Φ, F ) ). It suffices to prove that we can construct the next element of the chain. Clearly, we can choose M ∈ N such that
, then for any a ∈ G(Φ, F ) the degree of
is at most 16m. Therefore, it equals 1 if and only if it is equivalent to 1 modulo t
is open in G(Φ, F (t)). By Gordeev's Theorem C, this set is nonempty. Note that the congruence subgroup G(Φ,
) ∩ X α is dense in X α as an infinite subset in A 1 over a field). Therefore, it has nonempty intersection with X . Take g ∈ X ∩ G(Φ,
, by the choice of M we have
which completes the proof. 2
Proof of the main theorem
For the proof of the main theorem we need to evaluate degrees of certain elements of a Chevalley group and its Lie algebra. Let ρ be a faithfull representation of G(Φ, ). For an element g ∈ G(Φ, F (t)) we define the negative degree n.deg g as a supremum of − deg(ρ(g) ij ), where 1 i, j n. 
First we consider Bruhat decomposition in G(Φ, F (t)). Fix a split maximal torus
Consider a commutative diagram
where the horizontal arrows are induced by ρ and θ R (b, c, d) = bwcd for any ring R and
F (t)), and b ∈ U (F (t)).
By definition an R-rational point of a Z-scheme X is a ring homomorphism Z[X] → R. Thus, we obtain the following commutative diagram.
where mult is the multiplication homomorphism. Note that
We have already shown that any element of Z[C w ] is a rational function on the elements g ij . Let k w be an integer greater than degrees of numerators and denominators of (ψ The elements of a matrix are rational functions on the elements of its inverse. Since the degrees of numerators and denominators of b ,ẇ, and b are bounded by M 1 , there exists an integer M, satisfying the condition of the lemma. 2
Notation. Let α 1 , . . . , α r be the simple roots. We consider the adjoint representation of G(Φ, F (t)) on its Lie algebra Lie(Φ, F (t)) with a Chevalley base consisting of root elements e α and elements h i = h α i from the Cartan subalgebra H = H (Φ, F (t) ). For g ∈ G(Φ, F (t)) and u ∈ Lie(Φ, F (t)) we write u g to denote the (right) action of g on u.
For an element u = β∈Φ λ β e β + r i=1 μ i h i ∈ Lie(Φ, F (t)) we write deg(u) to denote the maximum of the degrees of the coefficients λ β and μ i . For a given root α we use the following notation:
, w is its image in W , and m, N ∈ Z. Suppose that w(α) = −α. For u ∈ Lie(Φ, F (t)) we have:
Proof. For the proof we need the following calculations in Lie algebras sl 2 and sl 3 .
Clearly, deg(u
. On the other hand, the above formulas show that deg( f
Lie(Φ, F (t)), which proves the first and the second assertions of the lemma.
Since α is the maximal root, e α commutes with U . Since w(α) = −α, we have eẇ α = pe −α , where 
